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Abstract

This study presents a novel approach to computing all intersections between two Bézier curves using cubic hybrid
clipping. Each intersection is represented by two strip intervals that contain an intersection. In each step, one curve is
bounded by two fat lines, and the other is bounded by two cubic Bézier curves, clipping away the domain that does
not contain the intersections. By selecting the moving control points of the cubic hybrid curves, better cubic poly-
nomial bounds are obtained to make the proposed method more efficient. It was proved that the two strip intervals
have second- and fourth-order convergence rates for transversal intersections. Experimental results show that the
new algorithm is the most efficient among all existing curve/curve intersection approaches.
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Introduction
Given an interval [a,5] CR, a Bézier curve P(2), t€[a, 5]
is defined as

P(t) = > PiBl, 4(0) 1)
i=0

where Bz[a’ﬂ](t):(’.‘)M,izo,l,...,n are

i —a)”
Bernstein polynomials in [a(,ﬂ/)’], )and {P;}7, are the con-
trol points [1]. Given two Bézier curves P(¢), ¢ € [a, 5] and
Q(s), s€[&n], the problem considered in the present
study is how to compute all (¢,s), t*€[a,B], s*€[&n]
such that P(¢*) = Q(s*). Various methods have been devel-
oped to solve this task, such as a subdivision-based
approach [2], binary subdivision approach [3], impliciti-
zation [4] and Bézier clipping [5].

The most common approach consists of clipping
away the regions of the curves that are guaranteed to
not intersect. Each intersection parameter pair (s*,t*) is
replaced with an interval that is iteratively computed. The
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k-th iteration interval is denoted as [ay, ;] x [&, 7). Let
h=pr—arand d=1n;,— . If a constant y, exists such that

hpaq < Clh]):l + Czdyz,dk_H < Cg,l’lz3 + C4d}:4 (2)

where C; are constants independent of k and the curves,
and thus y; is the convergence rate of the sequence inter-
vals {[a, 5]} and {[§,, 734 The key problem is to find an
algorithm for which y; is as large as possible with as few
computations as possible during each iteration.

The above problem plays an important role in many
engineering fields, such as computer-aided design and
manufacturing (CAD/CAM), collision detection, and
geometric modeling [1], and is a basic operation in solid
modeling. In geometric processing, the intersections and
intersection curves in a solid model are extremely impor-
tant for the visualization, analysis, and manufacturing of
the model [6]. With the continuous development of com-
puter-aided geometric design and CAD/CAM, as well as
the continuous progress made in science and technology,
the numbers of calculations and data to be processed
for intersection problems are increasing. It is therefore
important to develop efficient and stable methods for
dealing with intersection problems.

To solve such problems, the Bézier clipping algo-
rithm introduced in ref. [5] is a widely used, fast, and
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robust method. The Bézier clipping algorithm was
proven to have a second-order convergence rate [7].
Subsequently, several different approaches have been
proposed to improve the Bézier clipping algorithm.
Barton and Jiittler [8] and Liu et al. [9] developed quad-
ratic and cubic clipping techniques based on a degree
reduction to compute all roots of a univariate polyno-
mial equation. Lou and Liu [10] extended the approach
in ref. [9] to curve/curve intersection problems and
proved that the algorithm achieves at least a second-
order convergence rate. In addition, North [11] devel-
oped a geometry interval clipping algorithm based on
quadratic hybrid curves [12] for use with curve/curve
intersection problems, Liu and Li [13] proved that
the algorithm achieves a quadratic convergence rate.
Moreover, Yuan [14] recently developed a cubic hybrid
clipping (HybClip) based on hybrid curves to compute
all roots of a univariate polynomial equation with a
numerically verified fourth-order convergence rate.

In this study, the approach in ref. [14] is extended to
handle curve/curve intersection problems. Unlike the
approach in ref. [14], a better bound is chosen for cubic
HybClip, and thus the algorithm requires 8% less time
than a method that directly uses the cubic hybrid curve
[14]. In addition, it is proved that the two sequences in the
new clipping algorithm have second- and fourth-order
convergence rates. Subsequently, a complete compari-
son is provided with all existing curve/curve intersection
algorithms based on subdivisions on a random 40,000
curve/curve intersection database. The new algorithm
requires 30% less time than the geometry interval clipping
algorithm [11] and 60% less time than the cubic clipping
algorithm [10].
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The remainder of this paper is organized as follows. In
Methods section, the cubic hybrid curves are presented
with two moving control points, and the details of the
curve/curve intersection algorithms are described when
applied in both 2D and 3D. In Results section, a proof of
the convergence rate of the new intersection algorithm
is provided, and the six techniques are compared from
various perspectives. Finally, some concluding remarks
are provided in Conclusions section and areas of future
work are discussed in Discussion section.

Methods

Hybrid curve

A hybrid curve refers to a curve with at least one moving
control point, which is itself a parametric curve and shares
one parameter with the hybrid. Sederberg and Kakimoto
[12] originated the idea of using hybrid polynomial Bézier
curves to approximate rational Bézier curves. Later, North
[11] transformed all polynomial Bézier curves of degree
d>2 into equivalent quadratic hybrid curves with a single
moving control point and fixed endpoints. As an illustra-
tion, a simple quadratic hybrid curve was constructed with
a single moving control point, equivalent to a cubic Bézier
curve, as shown in Fig. 1.

P(t) = Py(1 —£)> + 3P, (1 — t)*t + 3P, (1 — )2 + P;23

= PoBAO) + (2501 - )+ TRt ) B + PyBYO) (3)

To evaluate a point on a hybrid curve, the locations
of all moving control points are first determined at
the given parameter value £. Once the moving con-
trol points are determined, the hybrid curve can be

\f)l(t) _ 3P12—Po (1 . t) + 3P22—Pgt

Py = Pg

Fig. 1 A cubic Bézier curve expressed as a quadratic hybrid curve
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evaluated as a common curve. For example, to evaluate
P(¢) at t=0.5, P1(0.5) is first evaluated and the result-
ing point is then used to evaluate f’(O.S), as shown in
Fig. 1.

Using the same principles as in ref. [11], by prop-
erly selecting the moving control points, the hybrid
curve can produce any traditional Bézier curve. In
this study, a hybrid curve having the following form
is focused on:

Theorem 1. Given a degree n> 3 Bézier curve P(t) with
control points {Pi}Z‘:O, there exists an equivalent cubic

hybrid ~ curve  P(t) with two fixed  control
points Po = Py, P3 P, and two wmoving control
points Pl(t),Pg(t) The two moving control

points P(¢), Pg(t) are Bezzzer curves of degree n—3 with

control points {Pll 1} . and {le 2} ) respectively,
i= =

where
n—i—14 i—1 4 a;Py + b;P; + ¢;P,
Li-1+ Py o=
n—2 -2 a; +b; +c¢;
(4)
a;=—m—i)n—i—1)mn—i-2), b=nn—1)(n-2),

¢=—i(i—1)(i—2),andiefl,...,n—1}.
Proof. The degree n x m tensor product Bézier surface
patch [1] is defined as

Qs t)=>_ > QiB/($)B®) )

i=0 j=0

where B?(S)B;”(t),o <s,t < 1is the product of the two
Bernstein bases in [0, 1], and Q,;i=0,..,mj=0,..,m
are the control points of Q(s, £).

From ref. [15], a degree m+d Bézier curve P(¢)
with control points P; can be described as the diago-
nal curve P(t) = Q(¢, ¢) of a degree m x d Bézier surface

Q(s, t), i.e.,

oy (4] TR

J+k=i

If m=3, then j€{0,1,2,3} and (j,k) €{(0,i),(1,i —1),(2,
—2),(3,i—3)}. Expanding the summation and rearrang-
ing the terms, the following is obtained:

(“Phee=(3) (1) i+ (3) (4 )Quia
+(3) (%) @i+ (3) (% ) Qs @)

If the control points P; of degree n=d+3 diagonal
curve P(¢) are known, Q, ;=P; and Q3 ;_3;=P, can be
set. Thus,
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Simplifying the above formulas, the following is
achieved:

Qi + L Quin =
(i—n)(n—i—1)(n—i—2) + n(n—1)(n— 2)
3i(n—i)(n—2) 0T 3in—i)(n—2) P;

—i(i—1)(i—2)
+ 3i(n—i)(n—2) P,

)
for ief{l,..,n—1}. Setting a,=—(m—i)(n—i—1)
(n—i—2), by=n(n—1)n-2), ¢,;=—i(i—1)(i—2), and
observing that a;+ b;+¢;=3i(n —i)(n —2), the following
occur:

n—i—1 _ @iPo + biP; + ¢iPy
7Q1 i-1
n— a; + bi + ¢
(10)
Because Q, ;=P,and Q; ;_;=P,, the s=¢ diagonal curve

of Q(s,£) can be evaluated using the following formula:

Qt, 1) = (1 = t)°Py + 3(1 — O*tP, () + 31 — )*Py(t) + £°P,, (11)

where P; (t) and Pg(t) are the degree n— 3 Bézier curves
comprising the control points P1 i—1 and P2, 2, respec-
tively, where

P, 1=Qupi=1..,n=2 and P, ,=Q, ,i=2...,n—1

(12)
This is a cubic hybrid curve with two moving control
points P, (0), P, (t), and fixed control points Py, P,,.
From Theorem 1, if i=1 or i=n—1, the first control
point of P; (t) and the last control point of 132(1:) are fixed
as follows:

B —=mPy + nP;
3

B-mP,+nP,_;

P, =
10 3

and P,, 5= (13)
Theorem 1 indicates that the two moving con-
trol points are relevant, for which three cases are

discussed:

Case 1
If the first moving control point is a fixed point

denoted by Ql and the second moving control poingt is
e

denoted by Qg(t) then the control points {QZ,} o of
=

Qz(t) can be calculated from Eq. (4), as indicated by
Yuan [14]:

Q(t) = PoBi(t) + QuB3 (1) + Qu(t)B3(t) + P,B3(t)
(14)

Case 2
If the second moving control point is a fixed point
denoted by Ry and the first moving control point is
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d dbv R h 1 poi R n-3 FR 2D curve/curve intersection
enoted by Ry (Z), the control points { 1"} iz0 © 1(8) The algorithm for two planar Bézier curves is first dis-

can be obtained from Eq. (4), i.e.,

R(t) = PoB3(t) + Ry (£)B3 () + RyB3(¢) + P,B3(t)
(15)

Case 3 A A
In general, Py (¢) and Py (¢) are moving to control points.
Because they are equivalent to P(¢),

Pt) =Qt) = PB(®) +QBX(t) + Q0)B3(t) + P,B3 ()
=R = PuB(6) + R, ()B(0) + R,B3(1) + P, B3 (1) (16)
=P(t) = P BX(t) + Py (OB (1) + PL(1)B(t) + P, B(t)
Hence, A € [0, 1] exists such that
(1= DQ®) + IR(t) = P(t) 17)
Through a simple approach,
1-2Q + R, =P, and (1-1Qyt)+ iR, =P,(®) (18)

and obtain

Pii=(1-2)Q +Ri; and Pyi=(1— Qi+ iR

(19)

where i €{0,...,n — 3}; in addition, Ql, Qz,i and IA{L,', R, are

known from the two cases above, and based on Egs. (4)

and (13), the two moving control points depend on the
value of 1.

Curve/curve intersection based on cubic HybClip

Given two Bézier curves P(¢), t € [a, 8] and Q(s), s€ [, 7],
in this section, a cubic hybrid clipping algorithm is pro-
posed for computing all intersections.

cussed. This algorithm is presented in Algorithm 1, and
illustrated in Fig. 2.

Algorithm 1 HybridClip(P, Q, [, B], [€,1], k, &)

1iff—a>e and n—& > €then
2 iff—a>n—¢&then

3 Lq « the fat line of Q
4 P(t) « the cubic hybrid curve of P
5 d(t) « the distance function of P(t) to L

6 [ti](t) = [ﬁmm(t), (imax(t)] « the cubic polynomial bounds of d (t)

7 if [d](¢) don't intersect the fat line Lq in [a, 8] then

8 return (@)

9 else

10 Find intervals [a;, B;],i=1,..., k,k € {1,2,3} by intersecting Ly with
[d®

1 ifmaxilai—ﬁi|2§|a—ﬁ|then

12 return HybridClip ( PQ [a,%(c{ + ,B)] JEnLk+1,e )

U HybridClip (P, Q, [3 (« + £, 6] [§,1). k + 1,&)

13 else

14 return U, HybridClip (P, Q, [a;, 8], [£,7], k + 1,€)
15 end if

16 end if

17 else

18 return HybridClip (Q, P, [¢,7], [a, B]. k, €)

19 end if

20else

21 return ([a, 8], [£,1])
22end if

In each step, one curve is bounded by two lines, called fat
lines, which were first introduced in ref. [5]. Let L be a line
passing through P and P, of a degree n Bézier curve, P(z),
and suppose L has an implicit equation:

Fig. 2 Intersection of cubic strip [m,M] of P and fat line L, of Q
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d(x,y)=ax+by+c=0,(a2+b2=1) (20)
The fat line of P is defined as a region
Lp = {(%,)1d(%,y) € [dmin, dmax] } (21)

d(P)=ax;+by;+c, P;=(x,y)).
The steps of Algorithm 1 are described in more detail in
the following:

where [d, ., d, . ] = [ming_;_,d(P,), max, ;. ,d(P)], and

(1) In line 1, if the intervals are within the specified level
of accuracy, the parameter intervals corresponding to
the intersection in line 21 can be directly obtained.

(2) In line 2, the curve with a larger priority parameter
interval is always clipped.

(3) In line 5, d(¢) is a cubic hybrid polynomial in the
Bernstein basis,

a) = d(l”)(t)) = (1= 0% +3601 - 0P, (0 + 330 - 0d,0) +£dy (22)

where

i=0,3,d;=d(P,

ileﬁﬁ)=d@MD)=§}Qﬁﬁﬂ03?%ﬂ
(4)In line 6, to obtain the cubic lower and upper bounds,

deﬁning(l,;l], 5,22] as the intervals containing the coeffi-

IA’IJ and d <f’2,j) of 211 (®), 512 (¢), respectively,

d(t) is bound using an interval Bernstein polynomial
[16]:

cients d

2] = B30, + B

[‘Ai,] = I:ﬂi,min’ai,male =

211] +B(®) [212] + B0,

ng,n‘g{l.;d (P"’ )' ugén)isd (P”j )]

(23)

The lower and upper bounds of [;i} (t) are defined
through cubic polynomials in a simple manner:

Ain(t) = B3 () + B3 (), pi, + BI()dly i + BA()d5

Ao (£) = BY(#)dy + B3 (£)d oy + BA(O)dy o + BA()dly (24)

1,max max

Hence, Zimin(t) < cAi(t) < Elmax(t). To obtain a tighter
bound |d | (¢), the following optimization function is used:

min {;imax(t) - ;imm(t)}
= min {al,max - al,min + ‘AZZ,max - a2,min}

(25)
= min {rr\/ax(alJ) - m]_in((:il‘j) + mjax(dz,,) - m]_in(dZ}.)

where ;i,‘,j = d(f’i,j),i =1,2,andj€{0,1,...,n—3}. In Eq.
(22), if the second moving point of ;l(t) is a fixed point
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denoted by 4, and the first moving point is denoted by
2,0, the following is obtained:

4(t) = BY(t)dy + B3 (1), (£) + B3 (1), + B3(t)d; (26)

If the first moving point of d(t)is a fixed point denoted
by 71, and the second moving point is denoted by 7, (¢),
the following is obtained:

#(8) = B3(t)dy + BX(OOF, + B3(£)fy(t) + B3 (t)ds (27)
There exists A € [0, 1] such that
(1 = HG(e) + i# ) = d(t) (28)

From Egs. (19) and (25), the problem becomes linear, i.e.,

i { B0 = B (©) |

=(1- /l)(mjax(qu) - mlin(qu,)> + A(mjax(?zy’) - m/in(?”)) (29)
wherej€{0,1,...,n — 3}. Let= max;(41,/) — min;(g1,) and
b = max;(fy;) — min;(Fy;). If a>b, A=1 is set in Eq.
(28). Otherwise, 1 =0. The tighter cubic bounds of d(¢)
can then be obtained using Eqs. (23) and (24).

(5)In lines 7-10, the intervals of ¢ for which P(¢) lies out-
sidle of Lg correspond to regions where
{d} ®nN [dminy dmax] = ¢, as shown in Fig. 3. The
values t€[0,1], for which cAimm(t) and ;imax(t) Cross
din and d, ., correspond to the roots of

f:imin(t) = dminy ‘Zimin(t) = dmax
dmax(t) = dminr dmax(t) = dmax

Because cAimin (t)and glmax () are cubic polynomials, these
roots can be solved directly using the cubic formula.

(30)

dm ax

&4 ai;*l / /Bi.—kl /62

dmin

Cgmax (t

dmin (1)

Fig. 3 Clipping computed from M () N [dmin, dmox] = @
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(6)In line 7, if the intersection is empty, no intersec-
tion exists between the two curves. In line 11, if
the lengths of these intervals are sufficiently small
compared to the previous intervals [a, 3], Hybrid-
Clip is applied to line 14. Otherwise, the curve
is subdivided into two subsegments and applies
HybridClip to the two halves (line 12).

3D curve/curve intersection

The above algorithm can be naturally generalized to
handle 3D Bézier curve/curve intersection problems. In
the 3D case, “fat lines” in 2D are replaced with several
bounding planes, which are called “fat planes”

Plane L passes through the end control points P, and
P, of a degree n Bézier curve, P(f). Because a plane con-
sists of three points that are not collinear, an arbitrary
control point is simply chosen that is not on the endpoint
line. Here, L is represented using the implicit equation

d(x,y,z) =ax+by+cz+e=0, (42+b2+c2=1)

(31)

The fat plane containing curve P(f) and its control
points are defined as

LP = {(x’y’z)|d(x’yfz) € [dmin:dmax]}

where [d i, d,,.,] = [ming ., ,d(P;), max, ;. ,d(P)], and
d(P)=ax;+by,+cz;+e, P,=(x,7,z,). The distance from
one curve in a cubic hybrid form is then bound to the fat
plane using two cubic polynomials and a strip domain
containing the intersections is computed, which is simi-
lar to Algorithm 1 described in 2D curve/curve intersec-
tion section.

(32)

Results

Proof for the convergence rate

Although Yuan’s method [14] is based on cubic Hyb-
Clip, it is mainly used to solve univariate polynomial root
problems. However, a theoretical convergence rate or
proof is not provided.

In this section, the theoretical results are provided on
the convergence rate of the new curve/curve intersection
algorithm. This begins with two technical lemmas:

Lemma 1. For any given polynomial P, there exists two
constants Cp and D, depending solely on B, such that for
all intervals [a,f]1<[0,1] the lower bound m and the
upper bound M generated in line 6 of Algorithm 1 satisfy

B =l P=mlllS < bt and 6 =l P~ MI“ <Dkt (33)

max
where .

Proof. According to Egs. (22) and (24), P(a)=m(a),
P(B)=m(B), and P(t) > m(t),V t € [a, 5], and thus
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P(8) = m(t) = (t — a)(B — 1)(P,(£) = my (1)) > 0 (34)

where P;(¢) is a continuous function of degree n—2, and
m;(¢) is a linear function. Let g(£) =by(8 —£) + b;(t — a) be
a line passing through the lowest control point and paral-
lel to the line connecting the end points of P;(t), such that
P,(t) —g(¢) >0,Vte[a,B], and thus

Pi(t) — my(t) < C(P1(t) —g()) (35)
where the constant C depends solely on P.
Pyt —g(t) = 2: @By (0) — gbiB,?,h,,,,](t)
= 2_;2 (a; = ;) B2, (O, a; > ¢, Vi’ (36)
Z la,

= (B —t)Py(£) + (t — a)P3(8)

where {ci}f’:_o2 are the control points of g after the degree
elevation (1],
Po&) = X0 @i — e (") B -0 e — "2 2 0
and Pg(t):(anfz—cnfz)(t—a)”_gzo.

Let ¢, ¢, be the minimum values of P,(¢), P5(¢) in [a, ],
respectively, i.e.,

Vi€, Bl 1 Py(t) < Cy(Py(t) = Py(ty)) = C\P) (5,) (£ — ;) < C3(B—a)
and Py(t) < Gy (P3(1) = P3(ty)) = C,P5 (5,) (¢ = 1) < Gy — o)

37)

where s,, s, € [a, B]. Hence,

PO - S CP-DF -+ Ct-f -0 < CH-a  (38)

From Egs. (34), (35), and (38),

[P(t) — m(t)] < C(t—a)(B—t)(Py(t) — gt))

<CEt—-a)f-1)Cs(f—a)® < Cp(f — a)* = Cphi* (39)

Similarly, |M(t) — P(t)| < Dph*.

Lemma 2. For any given polynomial B, there exist con-
stantsCiP,DlI.), with i = 0, 1, 2, 3depending solely on B, such
that for all intervals [a, 5] € [0,1] the lower bound m and

upper bound M generated in line 6 of Algorithm 1 for
Vie{0,1,2,3} satisfy

Il po _ m‘”IIL’:ﬁJ < C’_Ph(‘l*i) and [ p® _M(il”zvﬁJ < Df’h(‘l*i) (40)
h J = _ [a,B] _ | t L
whereh = p — a, || rlloc™ = max;efa,p)7(2)
Proof A new norm in [a, 8] is introduced as
ap) af]
R el P B Ly ol I Al P (41)

According to the equivalence of norms in a finite-dimen-
sional real linear space, there exists a constant C such that

| PP < C |l 7)) @A) (42)

where the constant C does not depend on the intervals
[a, 5], again owing to the affine invariance. Using argu-
ments similar to those in the previous proof, let r=P —m,
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P = ||
= Pl b | P |5 B2 P ) | PO — [
<CIP-mlg" < Cpht

(43)

Similarly, | P — M) < ¢ | P — MI1SP) < Dpit.

From the above lemmas, the convergence rate can be
analyzed using the HybClip algorithm. In Algorithm 1, if
Q=0, the curve/curve intersection problem P(f)=Q(s)
becomes a root-finding problem P(f) =0; that is, the cubic
HybClip technique may be used to compute the roots of
the polynomials and intersections of the two curves. These
two cases are discussed separately.

Theorem 2. (Single root) If polynomial P has a root t*in
la, 8], and provided that this root has multiplicity 1, the
sequence of the lengths of the intervals generated through
cubic HybClip containing that root has the convergence
rate d=4.

Proof. Suppose that ([a;,8;]);—0, 1,5, .., which converges
to t% is a sequence of intervals generated by Algorithm 1,
with lengths ;= — a;,. It is assumed that the first deriv-
ative satisfies P (£*) >0 (otherwise, the polynomial —P can
be considered instead of P).

Two cubic Bernstein polynomials m and M can be
obtained as the lower and upper bounds of P in [a; /]
based on line 6 of Algorithm 1. Because P is continuous,
and owing to Lemma 2, the following inequalities

12 =Pl < ey and - P@IE < Lpey

I =Pl < 1pe) (44)

hold for all but a finite number of values of i. These three
inequalities above imply that

= Pl < = Pl - Pl < Lprey
1 = Pl < - Pyl g - Pl < Ly

(45)

and hence
1 * 1 *
Vi la pi) ' = DPC) MO = DP ) ae)

From Lemma 1, the vertical height § =6 ;, + .., of
m and M is bounded by Cph?. Thus, the length #; of the
intervals satisfies

26 2Cp

hi+1§m§m

N (47)
for all but a finite number of values of i (Fig. 4).

For other clipping techniques [8, 9], multiple roots
reduce the convergence rate. The convergence rate of
cubic HybClip is now discussed in the case of double
roots, as illustrated in Fig. 5.

Theorem 3. (Double root) If the polynomial P has a root
t*in [a, ), and provided that this root has multiplicity 2,
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the sequence of the lengths of the intervals generated by
cubic HybClip containing that root has the convergence
rated=2.

Proof Similar to the proof of the previous theorem,
the sequence of intervals ([a;f;]);_o, 1, o, .. is analyzed
with lengths /1;=f5; — a; generated by Algorithm 1, which
contains the double root. It is assumed that the second
derivative satisfies P'>0. Otherwise, polynomial —P can
be considered instead of P.

Again, two cubic Bernstein polynomials # and M can
be obtained as the lower and upper bounds of P in [«;, 5,].
Because P is continuous, and based on Lemma 2, the
inequalities

1P =Pl < 2Py and - Pl < 2P (48)

hold for all but a finite number of values of i. These two
inequalities imply that

| 7P//(z")I\LZ"/J‘] <P - P//(L')H\[;“U’JJr | m” - Prru[;"/"J < %P//(m (49)
and thus m"(t) > %P”(t*),‘v’t € [, Bi]- Letting r=¢—1¢,

and based on

m(z) = m(t) = byt + bye? + by + by by = =m(t)
L

(50)
|by| = %m”(t*) > %P”(t*) > 0. From Lemmas 1 and 2,
|bo| = Im(&)] = |m(t*) = P(t*)| < Coph
|b1] = | )] = | () = P'(t")] < Cypht?
[bs] = [2mO@)| < HPOE)] + 1 m®e) - POE)|
< é|P(3)(t*)| + éCBPhi =Dy

(51)

Letting ¢;, ¢, be the roots of m, t*e[t,t,], and
T,=t,—t">0, 1, =1t; — " <0, the following is obtained:

Pyt

;o
N

25/ P (t)

Fig. 4 lllustration of Theorem 2
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t1

T1 T2

Fig. 5 lllustration of Theorem 3

Ib2712| < |b3713|+ [Brzy] + [bo

< 112 'D3P|71| + Clph?‘ + COI,h;L = 112 'D3P|Tl| +D2Ph;l (52)
Because 1, <h; and h;— 0, D3p|7;| — O,
1
‘bsz’ < i‘bzuflz‘ + Dopht (53)
for a sufficiently large i Therefore,
szh;L > %|b2}|112| > %P”(t*)}tf , and hence
1
8Dyp \2 5
Similarly, the following bound for ¢, is obtained:
8D1yp\ 2
/2P 2
T2 < (P”(t*)> h; (55)
Because 7,<0, 7,>0,
8D, \F (8D \7) ,
hi+1:|zz—t1}:rz—rls<(m> ‘(W) >hi (56)

Hence, the sequence (/;),_ | , .. has a convergence
rate of 2.

From Theorems 2 and 3, it can be seen that the new
algorithm has a higher convergence rate compared with
geometry interval clipping [11] and quadratic clipping
[8] when computing all roots of a univariate polynomial
equation. The following theorem provides the conver-
gence rate for the curve/curve intersection problems.

Theorem 4. Suppose (t), g(s) have a transversal inter-
section (£ (t*) x g’(s*)iO) at p*=f£(t")=g(s*). Further-
more, supposing that [a,B);_o 1, o, .is the sequence of
generated intervals that contain t*, and [§,n);_o 1 o
_is the corresponding sequence of generated intervals

(2022) 5:17
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that contain s*, there then exist constants C;, C, Cs,
C, depending solely on f and g, such that

By S Cilify + Gk, and by < Cohi, + Coliy (57)

Proof From line 11 of Algorithm 1, it can be seen that
the length of intervals [, #;] tends toward zero as i
tends toward infinity, that is, the interval [{,,#,] tends
toward s*.

Let Lg be the line or plane that passes through the end-
points by, b,, of g in [{,#,]. Denote n as the unit normal
vector of Lg. Then, the distance function from f(¢) to Lg is

defined as

d(t) = n- (f(£) — bo) (58)

Denote Ty as the tangent line of fat t*. Let ¢ € [0, %] be
the angle between Tj and Lg, and 6 € [0, % | be the angles
between Tf and byb,,,. As i, ,=[¢;, 17,] tends toward 0, the
line or plane Lg converges at bgb,,, and angle ¢ converges
at 6. Thus, for a sufficiently small #4; ,, ¢ > % > 0, and
thus 0 < sin (§) < sin (¢) < 1.

The angle p between f(£*) and n is either p = T+¢
or p = 7 — ¢. Using this, the derivative of the distance
function can be bound at the intersection as

i g

[d' )] = [n- @) =11 £

cos (% = qﬁ)‘ =@ Isn@ >0 (59)
Because d(¢*)=0, and for convenience, w=d ()>0
is denoted (otherwise, the vector —n can be considered
instead of n).
Because d (¢) is continuous, the inequality

oy 21
holds for all but a finite number of values of i. Hence,
vt € [, Bi), d' P > % (61)

From line 6 of Algorithm 1, the cubic polynomial
bound [d,,(t),d,,(t)] of the distance function d(f) can be
obtained. Based on Lemma 2,

N —dn, ) <% and @ - an @ < ¥ (62)
and by Eq. (61), the following is obtained:
din()z % and dig(®) = (63)
From Fig. 6, the bound for /, | is obtained as
hivif=Bix1 —aip1 =h +h+13
(64)

ll + 13 — dmaxW7Zmin
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dM
i
d
max // // slope
Qy it / / Bit1 /31'
slope? 5 :
dmin S |
R PR SO
¢ > % >
Fig. 6 lllustration of Eq. (64)
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Based on Lemma 1, the vertical heights J; of d,, and d,

are bounded as follows:
8 =N dyg = d IV <) dyy - NS 1 d - a, 1Y < et

(65)

Let ¢t; and t, be the roots of d,, and d,, respectively.
From Eq. (63),

8  Cehf

h=|t; —¢ = !
2=t 2|<w/4 w/d (66)

From Eq. (64), the above inequality implies that

Amax — dmin Ce h4

h; !
i+1Lf < w/4 w/4 (67)
This thus implies the first inequality in Eq. (57) from

Amax — Amin < hl%gCg (see the proof of Theorem 6 in ref.
[7]). Similarly, in the next iteration step, the following is
obtained:

Table 1 Transversal intersections
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ht+1g = C’ h + C/fhiz—b—l,f (68)

where C'¢ is solely dependent on f, and C', is solely
dependent on g. Based on the first inequality of Eq. (57),
the following is obtained:

2
By < Creh} + C/f(th“ + Cghfg>

< Crylity + 1y CHIS, + o, +2G Cht I )

eitig

< (Cry+ CrC2 ity + (it + 20K G2, ity

(69)

which implies the second inequality.

Note that the property of w being nonzero is key
to binding /; and /;. Therefore, a transversal intersec-
tion is required in the proof. From Theorem 4, the two
sequences {[a;,f3;]}; and {[{,#,]}; of the new intersection
algorithm have second- and fourth-order convergence
rates, respectively, and the 3D curve intersection prob-
lem yields the same results.

Experimental results

In this section, all six algorithms are compared based on
three criteria: the amount of time per iteration step, the
number of iterations, and the computing time required
to achieve a certain accuracy. All algorithms were imple-
mented in C+4 on a PC with an 2.60-GHz Intel®
Core™ {7-9750H CPU and 16.0 GB of RAM. In all
experiments, both curves P(f) and Q(s) have a parameter
domain [0,1].

For convenience, denote Bézier clipping as BezClip [5];
quadratic clipping and cubic clipping based on a degree
reduction as 2-DegClip [8] and 3-DegClip [10], respec-
tively; geometry interval clipping as 2-HybClip [11];
and cubic HybClip based on hybrid curves in ref. [14]
as 3-HybClip*. In addition, the proposed cubic HybClip
algorithm is denoted as 3-HybClip.

To analyze the relationship between the computational
effort and the desired accuracy, two examples represent-
ing polynomials with transversal and tangent intersec-
tions are discussed. The five algorithms are first applied

(n,m) € 107 10710
BezClip 2-HybClip 3-HybClip 2-DegClip 3-DegClip BezClip 2-HybClip 3-HybClip 2-DegClip 3-DegClip

(44) [Np,Ngl  [43] [3,3] [3.2] [33] [3.2] [16,15] [43] (33] [4,3] [3.3]

t/us 125 120 120 150 150 90 90 100 125 130
(84) [Np,Ngl  [43] [3.3] [3.2] [33] (3.2] [15,14] [4.3] (3.2] [4,3] [33]

t/us 160 150 150 190 190 100 120 100 140 130
(8,8) [Np,Ngl  [44] [4.4] (3.3] [33] (3.3] [16,16] [54] (3.3] [4,4] [3.3]

t/us 190 180 180 250 250 190 130 140 180 170

Number of iterations [Np, Nol and computing time t (in microseconds) of accuracy &. In addition, (n,m) are degrees of P, Q, respectively
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1.5 t/ms ) 10 Vms
=~ BezClip == BezClip »
=l 2-HybClip =l 2-HybClip
=== 3-HybClip el 3-HybClip
2-DegClip 8r 2-DegClip
=== 3-DegClip 3-DegClip
1 -
6 -
4+
4
2 - /.

02 3 "1 log(1/e)2 5
2r t/ms
= BezClip /‘
=== 2-HybClip
el 3-HybClip
2-DegClip
1.5F =fe= 3-DegClip
1 -

0.5*717:‘7’/;/‘;

A A
log(1/€)/2
0 1 1 ]
2 3 4 5
1.2 t/ms
—{— BezClip
== 2-HybClip
e 3-HybClip
1F 2-DegClip
=== 3-DegClip

0.2 . .
2 3 4

(a)

log(1/€)/2

Transversal intersections.

intersections; b Tangent intersections

2 3 4 log(1/€)/2 5
12 t/ms
+ BezClip »
= 2-HybClip
=== 3-HybClip
10F 2-DegClip
—fe— 3-DegClip
8 -

2 3 4

- t/ms

log(1/€)/2

= BezClip
i 2-HybClip
e 3-HybClip
2-DegClip
=== 3-DegClip

L

—

—

2 3 4

log(1/€)/2

(b) Tangent intersections.

Fig. 7 Computing time tin milliseconds vs accuracy € of curve pairs with degrees (4,4), (8,4), and (8,8) from the top to down. a Transversal

5
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Table 2 Tangent intersections
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(nm) € 107° 107°
BezClip 2-HybClip 3-HybClip 2-DegClip 3-DegClip BezClip 2-HybClip 3-HybClip 2-DegClip 3-DegClip

(44) [Np,Ngl - [12,10] [6,5] [6,5] [6,6] [5,5] [20,20] [6,6] [6,6] [7,6] [6,5]

t/us 138 117 93 119 138 164 129 85 124 136
(84)  [NpNgl [20201  [88] [10,10] [6,6] (5,6] (34341  [98] [11,10] [7,6] [5,7]

t/us 160 175 170 190 200 160 175 185 232 246
898) [NpNgl 118,171 [7,7] [10,9] [7,7] (4,6 (32,30] (871 [10,10] [8,7] [5.6]

t/us 170 185 180 226 263 177 157 133 272 282

Number of iterations [Np, Ngl and computing time t (in microseconds) of accuracy &. In addition, (n, m) are degrees of P, Q, respectively

to three pairs of Bézier curves with a transversal intersec-
tion. Table 1 reports the number of pairs of iterations and
the computing time in microseconds of the desired accu-
racy for computing the transversal intersections between
the three curve pairs with various degrees. Figure 7a
shows the relationship between the computing time and
desired accuracy, and indicates that 3-HybClip based on
cubic hybrid curves is significantly improved in compari-
son with BezClip, 2HybClip, 2-DegClip, and 3-DegClip.

The five algorithms are applied to three pairs of
Bézier curves with tangent intersections. Table 2 and
Fig. 7b report the number of pairs of iterations and
the computing time in milliseconds of various desired
accuracies ¢ for computing the tangent intersections
between the three curve pairs with various degrees.
Experimental results show that the quadratic and cubic
clipping techniques are better than Bézier clipping;
however, compared with quadratic clipping based on
hybrid curves or a degree reduction, the cubic clipping

{ p :_ (e~ 11/22)(1: B z)(t ’ 12)22 ‘- 11/2)@ j z)it N liz) (70)  techniques show no substantial improvements. This
Q)= (= 1/206 = 2e+ 2%, (= 1/2) = e+ 1) is due to the fact that all clipping algorithms require
a large number of binary subdivisions for tangent
Py(t) = (¢ = 1/2)(t = 2 (¢ +1/2%, (¢ = 1/ = D't + 1)) (71 intersections.
Qu(9) = ((s = 1/2)(s = 2)(s + 2%, (s = 1/2)(s = 2)*(s + 1)) )
Py(t) = (2t — 1, —4¢* + 863 — 4t + 1.5)
Qu(s) = (25 — 1,4s* — 853 + 45 — 1) (73)
Pg(t) = ((¢ = 1/2)(t = 2* (¢ + 1/2)%, (¢ — 1/2)(¢ — 2)*(t + 1)°) 4 - ’
Qu(s) = ((s— 1/2)(s — D5 + D!, (s — 1/2)(s - 2)*(s + 1)°) (72)
Py(t) = (2¢ — 1,-20¢° + 8017 — 112¢° + 56¢° — 4¢ + 1.7031)
Qu(s) = (25— 1,4s* — 85> + 45— 1) (74)
801 t/s 801 t/s
—4—BezClip |# =~ BezClip ’
2-HybClip 2-HybClip
70 3-HybClip 70+ 3-HybClip
2-DegClip 2-DegClip
60 F ==fe— 3-DegClip —=fe— 3-DegClip
60
50
Wy —
e S
40 B - —
40t
30F
1 /—*
== o |
ZOF 30
' I
10é 3 ;1 log(17e)2 5 202 3 ;‘ log(17)/2 5
(a) Single intersections. (b) Multiple intersections.
Fig. 8 Statistical comparisons: Computing time t in seconds vs accuracy &. a Single intersections; b Multiple intersections




Wu and Li Visual Computing for Industry, Biomedicine, and Art (2022) 5:17 Page 12 of 13
Table 3 Relative computing iterations N and computing time t
€ BezClip 2-HybClip 3-HybClip* 3-HybClip 2-DegClip 3-DegClip
107° N 136 114 1.02 1 118 1.02

t 1.85 139 1.08 1 1.95 1.71
10710 N 179 1.16 1.03 1 118 1.03

t 2.60 137 1.09 1 1.88 1.66

(75)

Py(t) = (26 — 1,-20% + 80¢7 — 112¢° + 56¢° — 4¢ + 1.7031)
Qg(s) = (25 — 1,20s% — 807 + 112s° — 565° + 45 — 1.2031)

To compare these six algorithms numerically, statis-
tics are generated on 40,000 pairs of randomly generated
polynomial curves of degree 4—10 for single and multiple
intersections. Figure 8 shows computing time needed to
achieve the given accuracy of the five algorithms. The rel-
ative computing iterations and computing time for these
tests are listed in Table 3. As shown in Table 3, 3-HybClip
requires 2% fewer iterations and 8% less time than 3-Hyb-
Clip* [14]. In addition, 3-HybClip has 2% fewer comput-
ing iterations than 3-DegClip, and at least 10% fewer
iterations than 2-HybClip and 2-DegClip. With respect to
the computing time, 3-HybClip is at least 60% faster than
3-DegClip and 2-DegClip, and at least 30% faster than
2-HybClip.

Conclusions

In this study, an algorithm called 3-HybClip was
derived for computing all intersections between two
Bézier curves within a given domain. By selecting the
moving control points, better bounds were obtained
than those in ref. [14]. It was proved that the two
sequences of bounded intervals for intersections have
second- and fourth-order convergence rates for trans-
versal intersections. The experimental results show
that the newly proposed 3-HybClip algorithm requires
2% fewer iterations and 8% less time than 3-HybClip*
from ref. [14], 10% fewer iterations than 2-HybClip and
2-DegClip, and at least 30% less time than other tech-
niques such as BezClip, 2-HybClip, 2-DegClip, and
3-DegClip.

Discussion

As discussed in 3D curve/curve intersection section, for
3D curve/curve intersection problems, the “fat planes”
are computed to bound a 3D Bézier curve. The distance
from one curve in a cubic hybrid form to the fat plane is
bound by two cubic polynomials, and a strip domain con-
taining the intersections is then computed. Similarly, in
curve/surface intersection problems, “fat planes” can also
be used to bind a Bézier surface, and then the distance
from the curve to the fat plane is bound by two cubic

polynomials. Then the intersection of “fat planes” and the
two cubic polynomials is the strip domain containing the
intersections. The details of the algorithm and compari-
sons with previous approaches are left for future work.
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